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01 MOTIVIC ZETA FUNCTIONS FOR
PREHOMOGENEOUS VECTOR SPACES AND
CASTLING TRANSFORMATIONS
by
François Loeser
1. Introdution
1.1.  Let us reall the lassiation of irreduible regular prehomogeneous ve-
tor spaes due to Sato and Kimura [17℄. An irreduible regular prehomogeneous
vetor spaes over a eld k [17℄ onsists of the datum (G,X) of a onneted re-
dutive k-algebrai group G together with a linear representation ρ of G on a nite
dimensional ane spae X = Amk over k, suh the ation is transitive on the om-
plement of a geometrially irreduible hypersurfae f = 0 in X , alled the singular
lous. In the theory of Sato and Kimura, a fundamental role is played by astling
transforms, whih are dened as follows.
Let G be a onneted redutive k-algebrai group and ρ be a linear representation
of G on Amk . Write m = r1 + r2. Then set X1 = Mm,r1 and let G× SLr1 at on X1
by
ρ1(g, g1)x1 = ρ(g)x1
tg1.
Similarly set X2 = Mm,r2 and let G× SLr2 at on X2 by
ρ2(g, g2)x2 =
tρ(g)−1x2tg2.
Assume Gj = Imρj is an irreduible regular prehomogeneous vetor spae for j = 1, 2
with singular lous the irreduible hypersurfae fj = 0. In this ase one says that
the prehomogeneous vetor spaes (G1, X1) and (G2, X2) are related by a astling
transformation. Furthermore, f. 4.1, f1 and f2 are homogeneous polynomials whose
degrees satisfy degfj = rjd, for some integer d. We shall say that two irreduible
regular prehomogeneous vetor spaes over k are equivalent if, up to isomorphism,
they may be inluded in a nite hain of irreduible regular prehomogeneous vetor
spaes whose onseutive terms are related by a astling transform. In eah equiv-
alene lass there is a unique prehomogeneous vetor spae with dimX minimal.
Suh an objet is alled redued in the terminology of Sato and Kimura. When k is
algebraially losed of harateristi zero, the set of all redued irreduible regular
prehomogeneous vetor spaes has been divided into 29 types by Sato and Kimura
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[16℄. If k is of harateristi zero and one restrits to k-split groups, then the
absolute lassiation restrits to a relative one.
1.2.  Thus, if one wants to ompute the value of some invariant for irreduible
regular prehomogeneous vetor spaes, it is enough: a) to understand the behaviour
of the invariant under astling transformations ; b) to ompute the invariant ex-
pliitely for redued prehomogeneous vetor spaes. For instane, when k = C, if
one denotes by bj the b-funtion of fj , we have the following relation due to Shintani
(f. [10℄):
b2(s)
∏
1≤i≤r1
∏
0≤j<d
(
s+
(i+ j)
d
)
= b1(s)
∏
1≤i≤r2
∏
0≤j<d
(
s+
(i+ j)
d
)
,(1.2.1)
and the b-funtions of all 29 types, exept for one, have been tabulated by Kimura
in [10℄. When k is a p-adi eld and Zj denotes Igusa's loal zeta funtion attahed
to fj , then Igusa proved in [7℄ the relation
Z2(s)
∏
1≤j≤r1
( 1− q−j
1− q−(ds+j)
)
= Z1(s)
∏
1≤j≤r2
( 1− q−j
1− q−(ds+j)
)
,(1.2.2)
where q denote the ardinality of the residue eld and the oeients of eah poly-
nomial fj are assumed to belong to the valuation ring but not all to the valuation
ideal ; furthermore, Igusa was able to ompute Z(s) for 24 out of the 29 types, see
[8℄, [9℄.
1.3.  Another important invariant of singularities of funtions is the Hodge
spetrum [19℄, [20℄, [21℄ and a natural question is to understand its behaviour
under astling transformations. It is not lear to us how to answer this question
using lassial tehniques, and the aim of the present paper is to explain how this
an be ahieved using motivi integration. In fat, replaing p-adi integration with
integration on ar spaes, Denef and Loeser dened in [1℄, [2℄, [3℄ a motivi zeta
funtion Zf for a funtion f whih is a geometri analogue of Igusa's loal zeta
funtion. The motivi zeta funtion Zf ontains a great amount of information on
f . In partiular one an read o the whole Hodge spetrum of f from Zf . The main
result of the present paper is Theorem 4.2 where a relation ompletely analogous to
(1.2.2) is proved for motivi zeta funtions. We then dedue the behaviour of the
Hodge spetrum under astling transformations in Corollary 6.8. To prove Theorem
4.2, it would be natural to imitate Igusa's proof in the p-adi ase as muh as
possible. In fat, we were not able to follow Igusa's proof to losely, sine in that
proof ruial use is made of properties of the Haar measure on a loally ompat
p-adi group, espeially of its uniqueness, for whih no analogue is available yet on
the motivi integration side, though highly desirable. Hene we are led to follow
a more down to earth approah, relying on some diret omputations in spaes of
matries, as in Lemma 5.5.
Finally, in setion 7 we generalize our results to prehomogeneous vetor spaes whih
are no longer assumed to be irreduible and regular.
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onversations that raised my
interest on the questions onsidered in the present paper.
2. Notations and onventions
2.1. Grothendiek groups of varieties.  We x a eld k. By a variety over
k we shall mean a separated and redued sheme of nite type over k. Let S be
an algebrai variety over k. By an S-variety we mean a variety X together with a
morphism X → S. The S-varieties form a ategory denoted by VarS, the arrows
being the morphisms that ommute with the morphisms to S.
We denote by K0(VarS) the Grothendiek group of S-varieties. It is an abelian
group generated by symbols [X ], for X an S-variety, with the relations [X ] = [Y ] if
X and Y are isomorphi in VarS, and [X ] = [Y ] + [X \ Y ] if Y is Zariski losed in
X . There is a natural ring struture on K0(VarS), the produt of [X ] and [Y ] being
equal to [X ×S Y ]. Sometimes we will also write [X/S] instead of [X ], to emphasize
the role of S. We write L to denote the lass of A1k × S in K0(VarS), where the
morphism from A1k × S to S is the natural projetion. We denote by MS the ring
obtained from K0(VarS) by inverting L. When A is a onstrutible subset of some
S-variety, we dene [A/S] in the obvious way, writing A as a disjoint union of a
nite number of loally losed subvarieties Ai. Indeed [A/S] :=
∑
i[Ai/S] does not
depend on the hoie of the subvarieties Ai.
When S onsists of only one geometri point, i.e. S = Spec(k), then we will write
K0(Vark) instead of K0(VarS) and Mk instead of MS.
2.2. Equivariant Grothendiek groups.  We need some tehnial prepara-
tion in order to take are of the monodromy ations in the next setion.
For any positive integer n, let µn be the group of all n-th roots of unity (in some
xed algebrai losure of k). Note that µn's is atually an algebrai variety over k,
namely Spec(k[x]/(xn − 1)). The µn form a projetive system, with respet to the
maps µnd → µn : x 7→ x
d
. We denote by µˆ the projetive limit of the µn. Note that
the group µˆ is not an algebrai variety, but a pro-variety.
Let X be an S-variety. A good µn-ation on X is a group ation µn×X → X whih
is a morphism of S-varieties, suh that eah orbit is ontained in an ane subvariety
of X . This last ondition is automatially satised when X is a quasi projetive
variety. A good µˆ-ation on X is an ation of µˆ on X whih fators through a good
µn-ation, for some n.
The monodromi Grothendiek group K µˆ0 (VarS) is dened as the abelian group
generated by symbols [X, µˆ] (also denoted by [X/S, µˆ], or simply [X ]), for X an
S-variety with good µˆ-ation, with the relations [X, µˆ] = [Y, µˆ] if X and Y are
isomorphi as S-varieties with µˆ -ation, and [X, µˆ] = [Y, µˆ] + [X \ Y, µˆ] if Y is
Zariski losed in X with the µˆ-ation on Y indued by the one on X , and moreover
[X × V, µˆ] = [X ×Ank , µˆ] where V is the n-dimensional ane spae over k with any
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linear µˆ-ation, and Ank is taken with the trivial µˆ-ation. There is a natural ring
struture on K µˆ0 (VarS), the produt being indued by the ber produt over S. We
write L to denote the lass in K µˆ0 (VarS) of A
1
k × S with the trivial µˆ-ation.
We denote by MµˆS the ring obtained from K
µˆ
0 (VarS) by inverting L. When A is a
onstrutible subset of X whih is stable under the µˆ-ation, then we dene [A, µˆ]
in the obvious way. When S onsists of only one geometri point, i.e. S = Spec(k),
then we will write K µˆ0 (Vark) instead of K
µˆ
0 (VarS).
Note that for any s ∈ S(k) we have natural morphisms Fibers : K
µˆ
0 (VarS) →
K µˆ0 (Vark) and Fibers :M
µˆ
S →M
µˆ
k given by [X, µˆ]→ [Xs, µˆ], where Xs denotes the
ber at s of X → S.
We shall also onsider the anonial morphismMµˆS →M
µˆ
k whih to [X/S, µˆ] assigns
[X, µˆ].
2.3. The ar spae of X.  For eah natural number n we onsider the spae
Ln(X) of ars modulo t
n+1
on X . This is an algebrai variety over k, whose K-
rational points, for any eld K ontaining k, are the K[t]/tn+1K[t]-rational points of
X . For example when X is an ane variety with equations fi(x) = 0, i = 1, · · · , m,
x = (x1, · · · , xn), then Ln(X) is given by the equations, in the variables a0, · · · , an,
expressing that fi(a0 + a1t+ · · ·+ ant
n) ≡ 0 mod tn+1, i = 1, · · · , m.
Taking the projetive limit of these algebrai varieties Ln(X) we obtain the ar
spae L(X) of X , whih is a redued separated sheme over k. In general, L(X) is
not of nite type over k (i.e. L(X) is an algebrai variety of innite dimension).
The K-rational points of L(X) are the K[[t]]-rational points of X . These are alled
K-ars on X . For example when X is an ane omplex variety with equations
fi(x) = 0, i = 1, · · ·m, x = (x1, · · · , xn), then the C-rational points of L(X) are
the sequenes (a0, a1, a2, · · · ) ∈ (C
n)N satisfying fi(a0 + a1t + a2t
2 + · · · ) = 0, for
i = 1, · · · , m. For any n, and for m > n, we have natural morphisms
πn : L(X)→ Ln(X) and π
m
n : Lm(X)→ Ln(X),
obtained by trunation. Note that L0(X) = X and that L1(X) is the tangent bundle
of X . For any ar γ on X (i.e. a K-ar for some eld K ontaining k), we all π0(γ)
the origin of the ar γ.
3. Motivi zeta funtion
3.1.  Let k be a eld and let X be a smooth onneted variety over k. Let
n ≥ 1 be an integer. The morphism f : X → A1k indues a morphism f : Ln(X)→
Ln(A
1
k).
Any point α of L(A1k), resp. Ln(A
1
k), yields a K-rational point, for some eld K
ontaining k, and hene a power series α(t) ∈ K[[t]], resp. α(t) ∈ K[[t]]/tn+1. This
yields maps
ordt : L(A
1
k)→ N ∪ {∞}, ordt : Ln(A
1
k)→ {0, 1, · · · , n,∞},
with ordtα the largest e suh that t
e
divides α(t).
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We set
Xn := {ϕ ∈ Ln(X) | ordtf(ϕ) = n}.
This is a loally losed subvariety of Ln(X). Note that Xn is atually an X0-variety,
through the morphism πn0 : Ln(X) → X . Indeed π
n
0 (Xn) ⊂ X0, sine n ≥ 1. We
onsider the morphism
f¯ : Xn → Gm,k := A
1
k \ {0},
sending a point ϕ in Xn to the oeient of t
n
in f(ϕ). There is a natural ation
of Gm,k on Xn given by a · ϕ(t) = ϕ(at), where ϕ(t) is the vetor of power series
orresponding to ϕ (in some loal oordinate system). Sine f¯(a · ϕ) = anf¯(ϕ) it
follows that f¯ is a loally trivial bration.
We denote by X 1n the ber f¯
−1(1). Note that the ation of Gm,k on Xn indues a
good ation of µn (and hene of µˆ) on X
1
n . Sine f¯ is a loally trivial bration, the
X0-variety X
1
n and the ation of µn on it, ompletely determines both the variety
Xn and the morphism
(f¯ , πn0 ) : Xn → Gm,k ×X0.
Indeed it is easy to verify that Xn, as a (Gm,k×X0)-variety, is isomorphi to X
1
n ×
µn
Gm,k, the quotient of X
1
n×Gm,k under the µn-ation dened by a(ϕ, b) = (aϕ, a
−1b).
The motivi zeta funtion of f : X → A1k, is the power series over M
µˆ
X0
dened by
Zf(T ) :=
∑
n≥1
[X 1n/X0, µˆ]L
−nr T n,
with r the dimension of X . When k is of harateristi zero this a rational funtion
of T (f. [1℄, [3℄).
For x a losed point of X0, one denes similarly Xn,x and X
1
n,x, by requiring the ars
to have their origin in x.
The loal motivi zeta funtion of f at x is the power series in Mµˆx dened by
Zf,x(T ) :=
∑
n≥1
[X 1n,x, µˆ]L
−nr T n.
3.2. Lemma.  Assume X is the ane spae Ark and f is a homogeneous poly-
nomial of degree d on Ark. Then the equality
Zf(T ) = L
rT−dZf,0(T )
holds in Mµˆk [[T ]].
Proof.  By homogeneity, the mapping ϕ 7→ tϕ indues an isomorphism between
Xn and π
n+d
n+1(Xn+d,0) ompatible with the brations Xn → Gm,k and Xn+r,0 → Gm,k.
Hene [X 1n , µˆ] = [X
1
n+d,0, µˆ]L
−(d−1)r
and the result follows.
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4. Statement of the main result
4.1.  Let G be a onneted redutive k-algebrai group and ρ be a linear rep-
resentation of G on Amk . Write m = r1 + r2. Then set X1 = Mm,r1 and let G× SLr1
at on X1 by
ρ1(g, g1)x1 = ρ(g)x1
tg1.
Similarly set X2 = Mm,r2 and let G× SLr2 at on X2 by
ρ2(g, g2)x2 =
tρ(g)−1x2tg2.
Assume Gj = Imρj is an irreduible regular prehomogeneous vetor spae for j = 1, 2
with singular lous the irreduible hypersurfae fj = 0. One onsiders the quotient
spaes Xi/SLri as embedded by the Plüker embedding
Xi/SLri →֒ Vi := A
(mri).
There is a natural isomorphism V1 ≃ V2 under whih the quotient spaes X1/SLr1
and X2/SLr2 may be naturally identied. Hene we write V for both V1 and V2, and
up to multiplying one of them by a nonzero onstant fator, one may assume that
both f1 and f2 are the pullbak of the same homogeneous polynomial f of degree d
in V , f. [16℄. In partiular, degfj = rjd, for 1 ≤ j ≤ 2.
4.2. Theorem.  Let (G1, X1) and (G2, X2) be irreduible regular prehomoge-
neous vetor spaes whih are related by a astling transformation. Then the re-
lations
Zf1(T )[SLr2,k]
∏
1≤j≤r1
(1− T dL−j) = Zf2(T )[SLr1,k]
∏
1≤j≤r2
(1− T dL−j)(4.2.1)
and
Zf1,0(T )
∏
1≤j≤r1
(T−d − L−j)
∏
1≤j≤r2
(1− L−j) =
Zf2,0(T )
∏
1≤j≤r2
(T−d − L−j)
∏
1≤j≤r1
(1− L−j)
(4.2.2)
hold in Mµˆk [[T ]], with [SLr,k] = L
r2−1∏
2≤i≤r(1− L
−i).
5. Proof of Theorem 4.2
5.1.  Fix 1 ≤ r ≤ m and set Z = Mm,r. The k-group sheme GLm(k[[t]]) ats
naturally on L(Z) on the left, while the k-group sheme SLr(k[[t]]) ats naturally
on L(Z) on the right. Here the group of K-points of GLm(k[[t]]), resp. SLr(k[[t]]),
is GLm(K[[t]]), resp. SLr(K[[t]]), for K a eld ontaining k. We shall onsider the
quotient spae h : Z → Y := Z/SLr as embedded by the Plüker embedding
Z/SLr →֒ V := A
(mr ).
We set Z := L(Z) and Y := L(Y ). We also denote by Z ′ the subset of Z onsisting
of matries with a non zero minor of order r.
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5.2.  For every sequene e := (e1, . . . , er) in N
r
, we denote by Ze the subset of
Z onsisting of matries of the form MA with M in GLm(K[[t]]), and A an upper
triangular matrix with te1 , . . . , ter on the diagonal and oeients in K[[t]], for some
eld K ontaining k. The set Z ′ is the disjoint union of the subsets Ze, for e in Nr.
5.3.  For w in W := Sr, the permutation group on r letters, we onsider the
set Ve,w of matries x = (xi,j)1≤i≤m,1≤j≤r in Z ′ of the form
xi,j = ai,jujt
ej +
∑
1≤k<j
λk,jai,k,
with λk,j and ai,k in K[[t]], uj a unit in K[[t]], and v(ai,j) ≥ 1, for i < w(j),
aw(j),j = 1, aw(k),j = 0 for k < j. We denote by Ve the disjoint union of the subsets
Ve,w and we denote byWe the image of Ve in Y . Let us remark that Ze, resp. h(Ze),
is the union of a nite numbers of GLm(k[[t]])-translates of Ve, resp. We.
5.4.  Let us reall the notion of pieewise trivial bration. Let X , Y and F be
algebrai varieties over k, and let A, resp. B, be a onstrutible subset of X , resp.
Y . We say that a map π : A → B is a pieewise trivial bration with ber F , if
there exists a nite partition of B in subsets S whih are loally losed in Y suh
that π−1(S) is loally losed in X and isomorphi, as a variety over k, to S × F ,
with π orresponding under the isomorphism to the projetion S × F → S.
5.5. Lemma.  For n ≥ |e|, with |e| :=
∑
1≤i≤r ei, the anonial morphism
πn(Ve,w) −→ πn(We)
is a pieewise trivial bration with ber
Zw ×A
n(r2−1)+|e|((m−r)r+1)
k
∏
1≤i≤r
A
−(m+1−i)ei
k ,
with Zw := (Gm,k)
r−1∏
1≤i≤rA
r−1−mi
k and mi the number of integers 1 ≤ k < w(i)
with k 6= w(j) for j < i.
Proof.  Let us rst onsider the ase where w = id. Let x be an (m, r) matrix
in Ve,id. For r + 1 ≤ k ≤ m and j ≤ r, we shall denote by ∆
k,j
the determinant
of the (r, r) submatrix of x obtained by removing the j-th line from the (r + 1, r)
submatrix of x obtained by keeping the rst r lines together with the k-th line.
We an take ∆k,j, for r + 1 ≤ k ≤ m and 1 ≤ j ≤ r, as oordinates on We. Set
∆ :=
∏
1≤i≤r uiπ
ei
. We have the relations
∆k,r = ak,r∆,
∆k,r−1 = ar,r−1∆k,r − ak,r−1∆,
. . .
∆k,i =
∑
1≤j≤r−i
(−1)j+1ai+j,i∆
k,i+j + (−1)r−iak,i∆,
. . .
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∆k,1 = a2,1∆
k,2 − a3,1∆
k,3 + . . .+ (−1)rar,1∆
k,r + (−1)r+1ak,1∆,
from whih the result follows. For general w, the situation redues to the former
one, sine, up to renumbering the rows, the situation is just the same exept that
some ai,j's are now required to be of valuation ≥ 1, whih has the sole eet of
replaing Zid by Zw in the statement.
5.6. Lemma.  Set Y0 := h(Z0) and, for k ≥ 0, Yk = t
kY0.
(1) For every e in Nr, h(Ze) = Y|e|.
(2) Assume n ≥ k ≥ 0. For every onstrutible subset A of πn(Yk), onsider the
preimage [h−1(A)] of A in πn(Z). The relation
[h−1(A)] = [A][SLr,k]Ln(r
2−1)+k((m−r)r+1) ∑
|e|=k
∏
1≤i≤r
L−(m+1−i)ei
holds in Mk. Furthermore, if A is onstrutible with µˆ-ation, the same rela-
tion still holds in Mµˆk .
Proof.  Follows diretly from Lemma 5.5 and the relation
∑
w∈W
[Zw] = L
r2−1 ∏
2≤i≤r
(1− L−i) = [SLr,k].
5.7.  Let f be a homogeneous polynomial of degree d on V . We set
Yn,k := {ϕ ∈ Ln(Y ) |ϕ ∈ πn(Yk) and ordtf(ϕ) = n}.
As in 3.1, we dene f¯ : Yn,k → Gm,k, and we set Y
1
n,k := f¯
−1(1), whih is a variety
with µˆ-ation. We shall also onsider the varieties Xn,k and X
1
n,k whih are the
inverse images of respetively Yn,k and Y
1
n,k in Ln(Z).
5.8. Lemma.  The relation
[Y1n,k] = [Y
1
n−kd,0]L
k(d−1) dimY
holds in Mµˆk .
Proof.  By homogeneity, the mapping y 7→ tky indues an isomorphism between
Yn−kd,0 and πnn−k(d−1)(Yn,k) ompatible with the brations onto Gm,k.
5.9.  Let us now onsider the motivi zeta funtion of f ◦ h (or more preisely
its image in Mµˆk [[T ]]),
Zf◦h(T ) :=
∑
n≥1
[X 1n , µˆ]L
−ndimZ T n,
MOTIVIC ZETA FUNCTIONS AND CASTLING TRANSFORMATIONS 9
where X 1n is the disjoint union of the varieties with µˆ-ation X
1
n,k, k in N. Remark
that for kd > n, Xn,k and Yn,k are empty, hene for xed n only a nite number of
the X 1n,k's are non empty. We shall also onsider the power series
Z0f◦h(T ) :=
∑
n≥1
[X 1n,0, µˆ]L
−n dimZ T n
and
Z0f (T ) :=
∑
n≥1
[Y1n,0, µˆ]L
−ndimY T n
in Mµˆk [[T ]].
5.10. Proposition.  The relations
Zf◦h(T ) =
∏
1≤i≤r
(1− L−(m+1−i)T d)−1Z0f◦h(T )(5.10.1)
and
Zf◦h(T ) = [SLr,k]
∏
1≤i≤r
(1− L−(m+1−i)T d)−1Z0f (T )(5.10.2)
hold in Mµˆk [[T ]].
Proof.  Sine, as follows from Lemma 5.6,
Z0f◦h(T ) = [SLr,k]Z
0
f (T ),
it is enough to prove (5.10.2). By Lemma 5.6, we have
[X 1n,k]L
−n dimZ = [SLr,k][Y1n,k]L
−n dimYLk dimY
∑
|e|=k
∏
1≤i≤r
L−(m+1−i)ei .
It follows from Lemma 5.8 that we may rewrite the last equality as
[X 1n,k]L
−n dimZ = [SLr,k][Y1n−kd,0]L
−(n−kd) dimY ∑
|e|=k
∏
1≤i≤r
L−(m+1−i)ei ,
and we get the result by summing up the series.
5.11.  Now we an onlude the proof of Theorem 4.2. Relation (4.2.1) follows
from writing (5.10.2) for both X1 and X2, and (4.2.2) follows from (4.2.1) together
with Lemma 3.2.
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6. Appliations to the Milnor bre and the Hodge spetrum
6.1. Monodromy.  In this subsetion 6.1 we assume that k = C. Let x be
a point of X0 = f
−1(0). We x a smooth metri on X . We set X×ε,η := B(x, ε) ∩
f−1(D×η ), with B(x, ε) the open ball of radius ε entered at x and D
×
η := Dη \ {0},
with Dη the open disk of radius η entered at 0. For 0 < η ≪ ε≪ 1, the restrition
of f to X×ε,η is a loally trivial bration, alled the Milnor bration, onto D
×
η with
ber Fx, the Milnor ber at x. The ation of a harateristi homeomorphism of
this bration on ohomology gives rise to the monodromy operator
Mx : H
·(Fx,Q)→ H ·(Fx,Q).
6.2. The motivi Milnor bre.  It is a remarkable fat, proved in [1℄ and [3℄,
that expanding the rational funtion Zf (T ) as a power series in T
−1
and taking minus
its onstant term, yields a well dened element Sf = − limT→∞ Zf(T ) ofM
µˆ
X0
. This
follows from a formula for the motivi zeta funtion in terms of embedded resolutions
of X0 whih we now reall.
Let (Y, h) be a resolution of f . By this, we mean that Y is a nonsingular and
irreduible algebrai variety over k, h : Y → X is a proper morphism, that the
restrition h : Y \ h−1(X0)→ X \X0 is an isomorphism, and that h−1(X0) has only
normal rossings as a subvariety of Y .
We denote by Ei, i ∈ J , the irreduible omponents (over k) of h
−1(X0). For eah
i ∈ J , denote by Ni the multipliity of Ei in the divisor of f ◦ h on Y , and by
νi− 1 the multipliity of Ei in the divisor of h
∗dx, where dx is a loal non vanishing
volume form at any point of h(Ei), i.e. a loal generator of the sheaf of dierential
forms of maximal degree. For i ∈ J and I ⊂ J , we onsider the nonsingular varieties
E◦i := Ei \ ∪j 6=iEj , EI = ∩i∈IEi, and E
◦
I := EI \ ∪j∈J\IEj .
Let mI = gcd(Ni)i∈I . We introdue an unramied Galois over E˜◦I of E
◦
I , with
Galois group µmI , as follows. Let U be an ane Zariski open subset of Y , suh that,
on U , f ◦ h = uvmI , with u a unit on U and v a morphism from U to A1k. Then the
restrition of E˜◦I above E
◦
I ∩ U , denoted by E˜
◦
I ∩ U , is dened as
{(z, y) ∈ A1k × (E
◦
I ∩ U)|z
mI = u−1}.
Note that E◦I an be overed by suh ane open subsets U of Y . Gluing together
the overs E˜◦I ∩ U , in the obvious way, we obtain the over E˜
◦
I of E
◦
I whih has a
natural µmI -ation (obtained by multiplying the z-oordinate with the elements of
µmI ). This µmI -ation on E˜
◦
I indues an µˆ-ation on E˜
◦
I in the obvious way.
6.3. Theorem ([2℄, [12℄).  With the previous notations, the following relation
holds in MµˆX0[[T ]] :
Zf(T ) =
∑
∅6=I⊂J
(L− 1)|I|−1 [E˜◦I /X0, µˆ]
∏
i∈I
L−νiTNi
1− L−νiTNi
.
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6.3.1. Denition ([1℄, [2℄, [3℄).  Expanding the rational funtion Zf(T ) as a
power series in T−1 and taking minus its onstant term, yields a well dened element
of MµˆX0 , namely
Sf := − lim
T→∞
Zf(T ) :=
∑
∅6=I⊂J
(1− L)|I|−1[E˜◦I ].
Moreover we set Sf,x := Fiberx(Sf) in M
µˆ
k . We also have Sf,x = − limT→∞ Zf,x(T ).
There is strong evidene that Sf,x is the orret virtual motivi inarnation of the
Milnor ber Fx of f at x (whih is in itself not at all motivi).
In the present setting we dedue from Theorem 4.2, the following relation between
the virtual motivi Milnor bres at the origin of two irreduible regular prehomoge-
neous vetor spaes whih are related by a astling transformation.
6.4. Theorem.  Assume k is a eld of harateristi zero. Let (G1, X1) and
(G2, X2) be irreduible regular prehomogeneous vetor spaes whih are related by a
astling transformation. Then the relation
Sf1,0(T )
∏
1≤j≤r2
(1− Lj) = Sf2,0(T )
∏
1≤j≤r1
(1− Lj)(6.4.1)
holds in Mµˆk .
Proof.  Follows diretly from (4.2.2).
6.5. Hodge strutures.  From now on in the remaining of this setion 6, we
shall assume k = C. A Hodge struture is a nite dimensional Q-vetor spae
H together with a bigrading H ⊗ C = ⊕p,q∈ZHp,q, suh that Hq,p is the omplex
onjugate of Hp,q and eah weight m summand, ⊕p+q=mH
p,q
, is dened over Q. The
Hodge strutures, with the evident notion of morphism, form an abelian ategory HS
with tensor produt. The elements of the Grothendiek groupK0(HS) of this abelian
ategory are representable as a formal dierene of Hodge strutures [H ]− [H ′], and
[H ] = [H ′] i H ∼= H ′. Note that K0(HS) beomes a ring with respet to the tensor
produt.
A mixed Hodge struture is a nite dimensional Q-vetor spae V with a nite in-
reasing ltrationW•V , alled the weight ltration, suh that the assoiated graded
vetor spae GrW• (V ) underlies a Hodge struture having Gr
W
m (V ) as weight m sum-
mand. Note that V determines in a natural way an element [V ] in K0(HS), namely
[V ] :=
∑
m[Gr
W
m (V )].
When X is an algebrai variety over k = C, the simpliial ohomology groups
H ic(X,Q) of X , with ompat support, underly a natural mixed Hodge struture,
and the Hodge harateristi χh(X) of X (with ompat support) is dened by
χh(X) :=
∑
i
(−1)i[H ic(X,Q)] ∈ K0(HS).
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This yields a map χh : VarC → K0(HS) whih fators throughMk, beause χh(A
1
k)
is atually invertible in the ring K0(HS). When X is proper and smooth, the mixed
Hodge struture on H ic(X,Q) is in fat a Hodge struture, the weight ltration being
onentrated in weight i.
6.6. The Hodge spetrum.  The ohomology groups H i(Fx,Q) of the Milnor
ber Fx arry a natural mixed Hodge struture ([19℄, [21℄, [14℄, [15℄), whih is
ompatible with the semi-simpliation of the monodromy operator Mx. Hene we
an dene the Hodge harateristi χh(Fx) of Fx by
χh(Fx) :=
∑
i
(−1)i[H i(Fx,Q)] ∈ K0(HS).
Atually by taking into aount the monodromy ation we an onsider χh(Fx) as
an element of the Grothendiek group K0(HS
mon) of the abelian ategory HSmon of
Hodge strutures with an endomorphism of nite order. Again K0(HS
mon) is a ring
by the tensor produt.
There is a natural linear map, alled the Hodge spetrum
hsp : K0(HS
mon)→ Z[t1/Z] := ∪n≥1Z[t1/n, t−1/n],
with hsp([H ]) :=
∑
α∈Q∩[0,1[ t
α(
∑
p,q∈Z dim(H
p,q)α)t
p
, for any Hodge struture H
with an endomorphism of nite order, where Hp,qα is the generalized eigenspae of
Hp,q with respet to the eigenvalue e2π
√−1α
.
We reall that hsp(f, x) := (−1)d−1hsp(χh(Fx)− 1) is alled the Hodge spetrum of
f at x.
We denote by χh the anonial ring homomorphism (alled the Hodge harateristi)
χh :M
µˆ
k → K0(HS
mon),
whih assoiates to any omplex algebrai variety Z, with a good µn-ation, its
Hodge harateristi together with the endomorphism indued by Z → Z : z 7→
e2π
√−1/nz.
6.7. Theorem ([1℄).  Assume the above notation with k = C. Then we have
the following equality in K0(HS
mon) :
χh(Fx) = χh(Sf,x).
In partiular it follows that
hsp(f, x) := (−1)d−1hsp(χh(Sf,x)− 1),
thus the motivi zeta funtion Zf,x(T ) ompletely determines the Hodge spetrum
of f at x.
Hene we dedue from Theorem 6.4, sine hsp(χh(L)) = t, the following:
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6.8. Corollary.  Assume k = C. Let (G1, X1) and (G2, X2) be irreduible reg-
ular prehomogeneous vetor spaes whih are related by a astling transformation.
Then the following relation holds between the Hodge spetra of f1 and f2 at 0
1 + (−1)mr1−1hsp(f1, 0)∏
1≤j≤r1(1− t
j)
=
1 + (−1)mr2−1hsp(f2, 0)∏
1≤j≤r2(1− t
j)
.
7. The general ase
7.1.  We now onsider the general ase of prehomogeneous vetor spaes whih
are not neessarily irreduible and regular. In this setting we are given a onneted
linear algebrai group G together with a linear ation ρ : G → EndX on a nite
dimensional (linear) ane spae X over k, suh that the ation is transitive on a
dense open set O = X \ S. Let Sj , 1 ≤ j ≤ ℓ, be the k-irreduible omponents of
the singular set S whih are of odimension 1 in X and hoose for every j a dening
equation fj = 0 of Sj . Reall that a non-zero k-rational funtion on X is a k-relative
invariant of the G-ation on X , if there exists a k-rational harater ν of G suh
that
f(ρ(g)x) = ν(g)f(x)
for every g in G and x in X . The funtions fj are k-relative invariants and fur-
thermore they are a basis of k-relative invariants in the sense that any k-relative
invariant of (G, ρ) is of the form cfµ11 . . . f
µℓ
ℓ with c in k
×
and µj in Z.
7.2. Motivi zeta funtion for several funtions.  Let X be a smooth
k-variety of dimension d and onsider ℓ funtions fj : X → A
1
k. We set X0 :=
∩1≤j≤ℓ(fj = 0).
For every n = (n1, . . . , nℓ) in (N
×)ℓ, we set |n| :=
∑
1≤j≤ℓ nj and dene
Xn :=
{
x ∈ L|n|(X)
∣∣∣ ordtfj = nj , 1 ≤ j ≤ ℓ
}
.
Similarly as in 3.1, we have a natural morphism f¯ : Xn → G
ℓ
m,k, whih makes
Xn a X0 × G
ℓ
m,k-variety, for n in (N
×)ℓ. The motivi zeta funtion attahed to
f = (f1, . . . , fℓ) is the formal series
Zf(T ) :=
∑
n∈(N×)ℓ
[Xn/X0 ×G
ℓ
m,k]L
−|n|dT n
in MX0×Gℓm,k [[T1, . . . Tℓ]]. When k is of harateristi zero Zf is a rational funtion
of T = (T1, . . . Tℓ) (f. [1℄, [12℄, [3℄). When ℓ = 1, the relation with the denition in
3.1 is the following: the zeta funtion we just dened is the image of the former one
by the anonial morphismMµˆX0 →MX0×Gm,k whih to the lass of a X0-variety Y
with µˆ-ation assigns the lass of Y ×µˆ Gm,k in MX0×Gm,k . For x a point in X0(k),
one denes similarly as in the ℓ = 1 ase, Zf,x(T ) in MGℓ
m,k
[[T1, . . . Tℓ]].
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7.3.  As in 4.1 we onsider a onneted linear algebrai group G over k and
ρ be a representation of G in Amk . Write m = r1 + r2 and dene Xj, Gj and ρj ,
j = 1, 2 as in 4.1. We assume they give rise to prehomogeneous vetor spaes for
j = 1, 2, and we say that the prehomogeneous vetor spaes (G1, X1) and (G2, X2)
are related by a astling transformation. We hoose a basis of k-relative invariants
f1 = (f1,i), 1 ≤ j ≤ ℓ1 and f2 = (f1,2), 1 ≤ j ≤ ℓ2, respetively. As in 4.1, we
onsider the quotient spaes Xi/SLri as embedded by the Plüker embedding the
same ane spae V , and up to renumbering the f1,i's and multiplying them by non-
zero onstants, one may assume that both the f1,i's and the f2,i's are the pullbak of
the same homogeneous polynomials fi of degree di in V , f. [16℄, [5℄. In partiular,
we may write ℓ1 = ℓ2 = ℓ. We set d = (di) in (N
×)ℓ.
We have the following generalization of Theorem 4.2.
7.4. Theorem.  Let (G1, X1) and (G2, X2) be prehomogeneous vetor spaes re-
lated by a astling transformation. Then the relations
Zf1(T )[SLr2,k]
∏
1≤j≤r1
(1− T dL−j) = Zf2(T )[SLr1,k]
∏
1≤j≤r2
(1− T dL−j)(7.4.1)
and
Zf1,0(T )
∏
1≤j≤r1
(T−d − L−j)
∏
1≤j≤r2
(1− L−j) =
Zf2,0(T )
∏
1≤j≤r2
(T−d − L−j)
∏
1≤j≤r1
(1− L−j)
(7.4.2)
hold in MGℓ
m,k
[[T ]], with T = (T1, . . . , Tℓ) and [SLr,k] = L
r2−1∏
2≤i≤r(1− L
−i).
Proof.  The proof is just the same as the proof of Theorem 4.2.
7.5. Remark.  There is an obvious generalization of Theorem 7.4 to paraboli
astling transforms as introdued in [18℄, f. [5℄. Details are left to the reader.
7.6.  Similarly as for the ase of one funtion in 6.3.1, Guibert proves in [4℄
that, for every α in (N×)ℓ, − limT→∞ Zf(T α) is a well dened element ofMX0×Gℓm,C ,
independent of α. Let us denote it by Sf and set Sf,x := Fiberx(Sf ). We also have
Sf,x = − limT→∞ Zf,x(T α), for every α in (N×)ℓ.
7.7. Remark.  When k = C, G. Guibert shows in [4℄ how Sabbah's Alexander
invariants of f (f. [13℄) may be reovered from the motivi zeta funtion Zf .
7.8. Remark.  It would be interesting to investigate what information is on-
tained in the Hodge realization of Sf . It is quite likely that there should be some
onnetions with reent work A. Libgober in [11℄.
The following statement follows diretly from Theorem 7.4.
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7.9. Theorem.  Let (G1, X1) and (G2, X2) be prehomogeneous vetor spaes re-
lated by a astling transformation. Then the relation
Sf1,0(T )
∏
1≤j≤r2
(1− Lj) = Sf2,0(T )
∏
1≤j≤r1
(1− Lj)(7.9.1)
holds in MX0×Gℓm,C.
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